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Abstract— Accurate knowledge of plant parameters is essen-
tial for model-based control design. However, in cooperative
control of a linear multi-channel plant, identifying such pa-
rameters is difficult because networked agents actuate a com-
mon plant through independent local input channels without
knowledge of the global input channel. To avoid explicit system
identification, this paper proposes a distributed model reference
adaptive control (MRAC) framework for setpoint tracking of
a linear multi-channel plant with unknown parameters. Each
agent implements local reference dynamics that are coupled
over a communication network, whose synchronized motion
gives rise to an emergent reference model through the blended
dynamics. The plant then tracks the resulting reference tra-
jectory using distributed MRAC. We prove asymptotic output
convergence to the setpoint and boundedness of all adaptive
gains. Simulations show that the proposed method achieves
adaptive tracking performance under parameter uncertainty.

I. INTRODUCTION

Distributed multi-channel control is a cooperative con-
trol framework in which many agents jointly control a
common plant through independent local input channels.
This framework is used in applications such as multi-
agent object transportation [1], [2] and vibration suppression
of large-scale flexible structures with distributed actuators
[3]. However, these works assume that the designer knows
the system parameters exactly. In practice, exact values of
physical parameters are often unavailable. This calls for the
development of a distributed adaptive control method that
does not rely on exact parameter knowledge.

A motivating example is shown in Fig. 1. In this scenario,
robot i knows only the angle 6; at which it is attached
to the payload, and applies a control input u; along that
direction as a pushing or pulling force. In addition, the robots
communicate with neighboring robots over a communication
network. While each robot knows the direction of its own
local input channel, the actual effect of each robot’s input on
the payload is uncertain because of unknown parameters such
as mass, damping, and actuator gains. Existing distributed
methods [1], [4], [S] are not directly applicable in this setting
because they require exact parameter knowledge.

Our approach leverages model reference adaptive control
(MRAC) [6], which drives the plant to follow a reference
model without explicit parameter identification. Although
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Fig. 1. Cooperative payload transportation and the proposed distributed
control architecture. Each robot acts on the real payload through its own
local input channel while running local reference dynamics. Through the
blended dynamics scheme, these dynamics collectively generate an emergent
reference model. The payload then tracks its reference trajectory via
distributed MRAC.

some studies have applied MRAC to multi-agent systems [7],
[8], they focus on consensus problems rather than the multi-
channel setting. In our setting, each agent uses local channel
information to implement local reference dynamics and ex-
changes its local reference states with neighboring agents
over the communication network. Through the blended dy-
namics scheme [9], these local reference dynamics, coupled
via neighbor communication, generate what we call the emer-
gent reference model: a virtual reference model that is neither
designed by nor available to any individual agent, but arises
collectively from their interaction. The plant then tracks the
resulting reference trajectory via distributed MRAC, using
the local reference states generated by the local reference
dynamics.

Several studies have addressed related cooperative control
problems, but they consider different settings. Observer-
based distributed control methods [4], [5] require each agent
to know all local input channels, which may be impractical in
decentralized settings. The decentralized multi-channel con-
trol scheme in [1] removes this requirement, but assumes ex-
act parameter knowledge. Meanwhile, [10] addresses object
transportation with unknown physical parameters without
inter-agent communication, but uses full three-dimensional
vector inputs rather than the multi-channel setting considered
here. Therefore, the proposed framework builds on the de-
centralized multi-channel scheme of [1] while incorporating
adaptive compensation for parameter uncertainty.

The main contributions of this paper are as follows. First,



we show that local reference dynamics designed without
knowledge of the global input channel generate, through
neighbor communication, an emergent reference model for
setpoint regulation. Second, we integrate this emergent ref-
erence model with distributed MRAC to achieve adaptive
setpoint tracking without global parameter knowledge. Third,
we prove asymptotic output convergence and bounded adap-
tive gains, and demonstrate the adaptive tracking perfor-
mance through simulations.

Notation: Throughout the paper, for a symmetric matrix A,
Ai(A) denotes the i-th smallest eigenvalue, while Anin(A) and
Amax(A) denote its minimum and maximum eigenvalues, re-
spectively. In addition, A > 0 (A > 0) means that A is positive
definite (positive semidefinite). For P > 0, P'/2 denotes its
square root such that (P'/2)> = P. The symbols sgn(-), tr(-),
®, |1, ||-]l, and || - || r denote the sign, trace, Kronecker prod-
uct, Euclidean norm, induced 2-norm, and Frobenius norm,
respectively. For matrices Ay, ...,Ay, the notation diagy (A;)
denotes the block diagonal matrix diag(Ay,...,Ay). The
matrix I, is the n x n identity matrix, 1, € R” represents the
vector whose elements are all 1, 0,,, € R"™ is the zero
matrix, and .7} is the set of absolutely integrable functions
on [0,00). For the communication network, let 4 = (4, &)
denote a graph, where .#" = {1,...,N} is the node set and
& C N x A is the edge set. The neighbor set of agent i is
defined as A :={je N :(i,j) € &}.

II. PROBLEM FORMULATION

Motivated by the cooperative payload transportation sce-
nario in Fig. 1, we consider a linear time-invariant (LTT)
multi-channel plant actuated by N independent control agents
through local input channels:

N
X(1) = Ax(1) + ) biui(r) = Ax(r) + Bu(r), (1)
i=1

where x(¢) € R" is the plant state, A € R"™" is the plant
matrix, and agent i € {1,...,N} applies its local input
u;(t) € R™ only through the input channel matrix b; € R"*™:,
The stacked input matrix and input vector are defined as
B=1[by -~ by] € R and u(t) = [u] (t) -+ uy(t)]" € R™,
respectively, where m = Z?’: (m;. The output is given by
y(t) = Cx(r) € RP, where C € RP*", and the control objective
is to regulate y(¢) to a constant setpoint r € R”.

The following assumptions specify the plant structure, the
information available to each agent, and the communication
environment. The subsequent remark explains their practical
relevance.

Assumption 1 (Parameter uncertainty and local information).
The plant matrix A is unknown. The input matrix satisfies
B = B,D, where B, = [by1---bon] € R™™ is the nominal
input matrix, and agent i knows only its own nominal
input channel b,; € R"*". Moreover, the gain matrix D =
diagy (dil,,;) € R™™ is block diagonal, where each d; is an
unknown nonzero scalar, and agent i knows only the sign of
its own d;.

Assumption 2 (Controllability). The pair (A,B) is control-
lable, whereas the pair (A,b;) need not be controllable.

Assumption 3 (Measurement and reference information).
Each agent can measure x and knows C and r.

Assumption 4 (Setpoint regulation condition). The plant

A,B,C) has no invariant zero at the origin; equivalently,
A

B
Cc 0
Assumption 5 (Communication graph). The communication
graph is an undirected, connected, unit-weight graph.

has full row rank.

Remark 1. In many practical multi-channel systems, the
structural form of the input channels is available from
manufacturer specifications even when the exact physical
coefficients are uncertain. In the example shown in Fig. 1,
robot i can construct its nominal input channel b,; from
the measured 6; as detailed in Section V, while uncertain
payload mass and actuator gains appear through the unknown
channel gain d;, motivating the factorization B = B, D. For the
class of systems considered here, Assumption 4 can likewise
be verified from the known system structure without full
knowledge of the exact physical coefficients. Note that this
condition requires p < m, which is satisfied when sufficiently
many agents are deployed.

Under Assumptions 1-5, the problem is to design a
distributed adaptive control law that asymptotically regulates
the output y(¢) to the setpoint r despite uncertainty in the
plant matrix and input channel gains, while all adaptive gains
remain bounded.

III. DISTRIBUTED EMERGENT REFERENCE
MODEL GENERATION

For adaptive control, the controller requires a reference
model that specifies the desired plant evolution. This section
identifies the desired form of the reference model to be
generated through the local reference dynamics for setpoint
regulation. Then, we design such local dynamics that each
agent can implement without knowledge of the global input
channel. Using the blended dynamics scheme [9], we show
that the coupled local reference dynamics give rise to an
emergent reference model and its reference trajectory.

A. Desired Reference Model and Matching Condition

We first investigate the form of the reference model to
be generated. For constant setpoint tracking, we adopt a
proportional-integral (PI) augmented structure. That is, the
reference model should take the closed-loop form

k(1) = (Am — BuG(1))xg (1) + Fr, 2)
where x; € R™ with /1 :=n+ p is the PI-augmented reference-
model state. The block matrices are

—[Aw O] . [Bu _ [0np
o=l ) me=lyn) o= )

where Ay, € R"" is a Hurwitz matrix shared by all agents,
and By € R™™ is the input matrix whose local channels will



be specified shortly. By the block structures of Ay, By, and
F, the first n components of x, correspond to the plant state
component, and the last p components correspond to the
integrator state component. The feedback gain G(¢) € R™*"
is necessary to stabilize the PI-augmented pair (Ay,By),
although A, is Hurwitz. Section III-B shows how the agents
generate this gain in a distributed manner using local channel
information. Note that (2) merely specifies the desired form,
and both By and G(r) will be generated in a distributed
manner by the agents.

For the plant to track the desired reference model (2) via
MRAGC, the plant and the reference model must satisfy the
following matching condition [6]: there exist K* € R™*" and
a positive definite matrix L* € R”™*™ such that

A—BK*=Ay, BL"=By. 3)

Since each b,; is available only as local information
to agent i and no centralized coordinator collects them,
no single agent can determine B or construct By,. Instead,
each agent independently constructs its local reference input
channel using its own local information as follows:

bM,i = G,-bgﬁ,-sgn(d,-), (4)

where o; > 0 is a positive scalar chosen by agent i, and

By =|by1 -~ by n] € R™™. Each agent then forms the local
augmented channel corresponding to By = [bu1 -+ by ] as
BM’Z‘ . |:0le :| c Rﬁxm,-. (5)

pxm;

By construction (4), the input matching condition BL* =
By automatically holds with the feedforward gain matrix:
L* = D~ diagy(o;sgn(d;)L,) = 0. (6)
Consequently, L* is positive definite and diagonal. Note that
no agent needs to compute (6). It only certifies that the
construction rule (4) induces the matching condition.

Now, the following assumption imposes the remaining part
of the matching condition.

Assumption 6 (Matching feasibility). For the Hurwitz ma-
trix Ay, there exists K* € R™*" satisfying A — BK* = Ay.

Remark 2. Under Assumption 6 and By = BL* with in-
vertible L*, Assumption 4 is equivalent to the full-row-rank
condition on

[AM BM] . 7

—-C 0

Remark 3. Section V illustrates, through the payload-
transportation example, that the local channels by ; and a
matrix Ay satisfying Assumption 6 can be designed from the
known kinematic structure, without knowledge of the mass,
damping, or actuator gains.

B. Local Reference Dynamics for Emergent Reference Model

Since each agent has access only to its BM,,-, we design
the following local reference dynamics whose synchronized
motion gives rise to the desired reference model (2):

Zgi(t) :—gngJ ) —Xg,i(1)),
JEN

(8a)

)’C.\g_’i(t) = AM)?g_’,-(t) +N[)M.l‘u,«7,‘(l‘) +Fr
+ kg Z (£, (1) — X,i(1)) + kg Z (Zg,j(t) = Z¢,i(1)),
JEN JEN
(8b)
uri(t) = —Gi(t)Rg (1), (8¢)

where £, ;:= [£]; ;]T € R" is the local augmented reference
state containing the local reference state £,; € R" and Ww,; €
R”. The signal u,; is the local reference input, Z,; € R" is
the integral coupling state, k, > 0 is the coupling gain, and
Gi(t) € R™*" ig the local feedback gain.

Let G;(t) converge to Gf € R™*" exponentially, and
define G* := [G}" --- Gy']" € R™". We assume that G*
makes Ay — By G* Hurwitz. Distributed construction of local
gains achieving this property is given after Lemma 1. To
simplify the algorithm, we assume that all agents already
know the network size N. This assumption can be relaxed
by employing distributed network size estimation techniques
such as [11].

Remark 4. The local reference dynamics (8) directly incor-
porates the PI-augmented structure of (2), thereby embedding
the regulation objective into the dynamics. A simpler alter-
native at first glance is to first compute an equilibrium pair
(x*,u*) satisfying Apx* + Byu* =0 and Cx* = r, and then
translate the coordinates so that the equilibrium associated
with r becomes the origin. However, this is not straightfor-
ward in the present distributed setting, because computing
(x*,u*) requires global knowledge of By, whereas each
agent knows only its own local channel. Thus, the PI-
augmented structure avoids explicit distributed computation
of the equilibrium.

To explain why (8) generates the emergent reference
model, we adopt the blended dynamics concept [9]. Consider
a Pl-coupled network of the form

Xi(t) = fi(xi(t) +’<Zx1

/E/V

:—kZ x;(t) —xi(t

JEN

+kZ Z] _Zl
JEN

where f; denotes the local vector field of agent i. Under
suitable conditions, the local states are driven close to
synchronized motion, and the resulting collective behavior
can be understood through a lower-dimensional averaged
dynamics, called the blended dynamics:

- A L)

This reduced dynamics is obtained by restricting the network
motion to synchronized trajectories, where s(¢) denotes the



blended state. In this viewpoint, the PI coupling terms drive
the agents toward synchronization, while the integral cou-
pling state z; mainly affects the synchronization transient and
does not appear explicitly in the resulting blended dynamics.

Applying this mechanism to (8), we stack the local refer-
ence inputs and local feedback gains as

wr(t) = [y (1) - uiy ()], G(0):=[G{ (1) - Gy ()]

Then, under the synchronized motion £, ;(¢) = s(¢) for all i,
the corresponding blended dynamics is

$(t) = (Ay — By G(2))s(t) + Fr, )

which we call the emergent reference model. We call the
first n components of s(¢), associated with the plant state,

the emergent reference trajectory.
If G;(t) = G}, (9) becomes

S(l‘) = (A_M—BMG*)S(I)+FT, (10)

which has the same form as the desired reference model (2).
Since Ay — By G* is Hurwitz, (10) admits a unique expo-
nentially stable equilibrium xj.
We also define the network average of the local augmented
reference states as
N T
Pave(t) i= 5 Y fei(t) =2 [x/ (1) wi(®)] . AD
where x,(¢) and w,(t) denote the plant state and integrator
state components of Paye (1), respectively. Note that paye(2) is
not a signal available to any individual agent but a collective
variable used only for analysis. The following lemma shows
that, for a sufficiently large coupling gain, all £,;(r) and
Pavg(t) converge exponentially to x; even when G;(t) is time-
varying.

Lemma 1. Suppose Assumptions 1-6 hold, and each lo-
cal gain G;(r) converges to G} exponentially for all i €
{1,...,N}. Then there exists k; > 0 such that, for all k; >
kg, the %g,i(¢) in (8) converges exponentially to the unique
equilibrium x} in (10) and Zg;(r) remains bounded for all
i. Moreover, Pavg(?) converges to x; exponentially, so that
x,(t) converges to xi exponentially, where x} denotes the
plant state component of x}, i.e., its first n components.

Proof. The complete proof is provided in the Appendix.

To complete the local reference dynamics construction, it
remains to synthesize the local gains G;(¢) in a distributed
manner. For this purpose, we employ the distributed Bass
algorithm [1]:

Xi(l) = (xbﬁ,-(Xi(t )
+hky Y (Xi(0)=Xi(1) +kp Y, (Zi (1) = Zi(1)),

JeN; JeN

Zi(t) = ~ky ), (X;(1) = Xi(r)),

=
where X;(t), Zi(t) € R™", oy, kp > 0, X;(0) = 0, and
Fi(X) = —(Am + Bla)X — XAy + BlIs) "+ 2ba iy ;-

We choose 8 > 0 sufficiently large so that —(Ay + BI;) is
Hurwitz.

The distributed Bass algorithm adopts the same PI con-
sensus coupling structure as (8), and the associated blended
dynamics is the differential Lyapunov equation

. - - 2 - -
S=oy [ — (Am +Bln)S = S(Ay +Bls) " + NBMBZT/I} ;

where S € R?™*" is the blended state of X;. Since L* is
invertible and the matching conditions Ay; = A — BK* and
By = BL* hold, the controllability of (A,B) implies that
of (Ay,By) via state feedback and an invertible input
transformation. Since the matrix (7) has full row rank, the
PBH test confirms that (Ays,By) is controllable. Therefore,
the differential Lyapunov equation has a unique globally ex-
ponentially stable equilibrium X* > 0, and by [1, Theorem 2],
X;(t) converges to X* exponentially for all i.
Let P;:= NX*. Then P; > 0 is the unique solution to

0= _(AM +ﬁ1ﬁ)Ps _PS(A_M + Blﬁ)T + ZBMBL

With this result, we synthesize the local feedback gain as

(12)

1. _
Gi(t) = Nb;,ﬂ»xi ). (13)
See [1] for detailed techniques that avoid singular inversions
during transients while preserving convergence to the iden-
tical limit gain. As X;(t) — X*, the gain G;(¢) converges
exponentially to

G = %El—\r/l,i(X*)_l = BAT/I,iPs_l'
Accordingly, the stacked limit gainis G*=[G}" --- Gy |T =
B,,P!. By the classical Bass stabilization result [12], this
gain makes Ay — ByG* Hurwitz, thereby satisfying the
conditions of Lemma 1.

Since each agent has access to a local reference state
%:i(t), the next section develops an adaptive controller that
uses these local reference states to drive the plant to the
setpoint.

IV. DISTRIBUTED ADAPTIVE CONTROL

A conventional centralized adaptive law would require
global reference signals that are not available to any indi-
vidual agent. Instead, each agent implements the following
adaptive law using its locally available reference signals
£ri(r) and u,;(t). We modify standard MRAC [6] in a
distributed manner:

(14)

I{,(l) = ocK,ibAE’iPM ()C(l) —)E,.,-(t))xT(t), (15a)
Li(t) = — o ibyy Py (x(t) — £ri(1) ) u (1), (15b)
ui(t) = —Ki(t)x(t) + Li(t)ur;(t), (15¢)

where K;(t) € R™>*" and L;(r) € R™>™ denote the local
adaptive gains, ok ,; > 0 and oy ; > 0 are positive adaptation
rates, and Py > O is the unique solution to the Lyapunov
equation AAT,,PM ~+ PyAy = —Qy for a given Qyy > 0.

Theorem 1. Suppose Assumptions 1-6 hold, and let £,; and
u,; be generated by the local reference dynamics (8a)—(8c)



under the conditions of Lemma 1. Consider the plant (1)
with the adaptive control law (15a)—(15¢). Then, the output
y(t) = Cx(t) asymptotically converges to the setpoint r, and
all adaptive gains K;(¢) and L;(¢) remain bounded.

Proof. Define the stacked gain matrices
K\ (1) - Ky (1)]T,  L(r) := diagy(Li(1)).

By stacking the local inputs u;(¢) from (15c) and the local
reference inputs u,;(r), the global plant input can be written
as

K(t):=

u(t) = —K(t)x(t) +L(t)u(t),

where u(1) == [u), (2) -+~ uly(1)]".

rl
Now, define the tracking, local reference state, and adap-

tive gain errors as
e(t) :=x(t) — x.(t),
erj = x,(t) _)er,i(t)7
K(t) :=K(1) - K*,

er(1) = ey (1) e/n(0)]
L(t) ;== L(¢) — L* = diagy (L;i(t) — L}),
where K* is defined in Assumption 6, L* is given by (6), L}

denotes the i-th diagonal block of L*, and L;(r) := Li(t) — L.
Then, we can express

u(t) = —(K* +K(1)x(t) + (L +L(1)ur(2),
K(t) = K(t) = og B Pye(t)x" (1) + Ak (1),
L(t) = L(r) = diagy(— 0 ibjy ;Pue(t)u (1) + Ari(1)),

where oy := diagy(Qk iln,),
ok, 1byy  Purert (1)x (1)
Ak (t) = : ;
ot by yPuern (0)x (1)

and Ap;(t) := —oy by, ;Pueri(t)u(t). These perturbation
terms arise from using £,; instead of x,. Using these no-
tations, the error dynamics become

é(1) = Ape(t) + By (L)~ (—K(£)x(t) + L(t)u. (1))

by using both identities in the matching condition (3).
Now, set the Lyapunov function

(16)

~~ 1 | P R A ~
V(e,K,L) = EeTPMe+ E tr (KTQKK) =+ E i:ZItI‘ (LIQL’,'L,')
where Qg := (oxL*)~! and Q;; = (o ;L) Taking the
derivative of V and using BL* = By, Qgox = (L"), and
Qpiop;=(L})~ ! the K and L terms cancel by constructlon
Hence,

’ 1 T T o 7T

V=—3e Oue+u(K' QrAg)+ Y (L QuiaL). (A7)

i=1

Applying the Cauchy—SchwarZ inequality to the trace
terms and using ||Q 1/2 K|l <2V and ||Ql/2L lr < V2V
which follow from the definition of V, we obtain

V< —le Que+ V2V Axy, (18)

where Agr () == | @ Ak (1)l + X2, 197 ALi(0)]| -

To bound this perturbation term, define &,(t) :=
max;e s |e.i(t)|. By Lemma 1, both x,(f) —x} and £,;(t) —x}
converge to zero exponentially. Hence, e;;(r) = x,(t) — (1)
also converges to zero exponentially. It follows that &,
converges to zero exponentially and is an .Z] function.

Next, by Lemma 1, £, ;(¢) is bounded for all i. Moreover,
since G;(t) converges exponentially to G}, each G;(¢) is also
bounded. Hence, u,;(r) = —G;(t)%,,(¢) is bounded for all i,
and therefore the stacked signal u,(¢) is bounded. By (8) and
(11), averaging over i cancels the coupling terms, yielding
X (t) = Ayxr(t) + Byu,(t). It follows that x,(7) is bounded
because Ay is Hurwitz and u, is bounded.

Moreover, each perturbation term is proportional to e, ; and
multiplied by x or u,;, respectively. Since u,; is bounded,
there exists ¢, > 0 such that

AKL<Cp (l—|—|x|) (19)

On the other hand, from e =x —x, and V > (e Pye)/2 >
(Amin(Pur)|el?) /2, we have

2v
Amin (Pur)’

where ¢, is the bound of |x|. Substituting this into (19)
yields Agz < cs5e(l +VV ) for some ¢y > 0. Finally, the
perturbation term in (18) satisfies

V2V Ak < €8 (V2V +V2V) < ey 8e(1+V)

for some ¢y > 0. Hence, (18) gives V < cy8,(1+V).
Applying the Gronwall-Bellman inequality yields

1+V() < (1 +V(O))exp<cv /Ot &(s)ds) .

Because o, € 24, V(¢) is bounded for all # > 0. Consequently,
e(t), K(t), and L(r) are bounded, verifying that all adaptive
gains remain bounded. Moreover, x = x, + e is bounded.
Then, from (19) and the fact that 8§, decays exponentially,
we can conclude that Ag; € ) and Agy converges to zero.
Integrating (18) over [0, 7] yields
Yds <V (0) —

sl e
T
+ /0 V2V () A (s) ds

Since V is bounded and Ag; € %), the right-hand side
remains bounded uniformly in 7. Hence,

/w e (s)Que(s)ds
0

is finite. Therefore, from the error dynamics (16), all terms on
the right-hand side are bounded, so ¢ is bounded and hence
e(t) is uniformly continuous. Using Barbalat’s lemma, e(7)
converges to 0. Then, Lemma 1 implies x,(¢) converges to x',
and the equilibrium relation (Ay — By G*)x; + Fr =0 yields
Cx; =r. Since e(t) — 0, we conclude that y(¢) = Cx(t) —
r. O

e < e[+ e < e+

QMe V(T)



V. SIMULATION

In this section, we demonstrate the proposed distributed
MRAC framework using the payload-transportation scenario
illustrated in Fig. 1. The simulations show both the synchro-
nization of the local reference states toward the emergent
reference trajectory (Lemma 1) and the successful setpoint
tracking of the adaptive controller under parameter uncer-
tainty (Theorem 1). Let x := [p; py vy vy]' € R* denote the
position—velocity state. The plant model is

0
1022 b B 0 -
A= |:02><2 m@L:| ’ b= %COSGZ‘ , C= [12 02><2] ,
m—;sine,'

where my is the unknown payload mass, % > 0 is the
unknown actuator gain of robot i, and 2 € R2%Z g the
unknown damping matrix. The setpoint is 7 = [6,3] " m with
the payload initially at the origin.

We consider N = 4 robots with attachment angles 0; €
{0,67/9,10m/9,14n/9} rad, communicating over a ring
graph. To model direction-dependent damping, we set

80 —25
7= [—25 130] N-s/m.

Following the proposed local channel construction rule,
each agent chooses o; = 1. Since d; = %;/my > 0 in
this example, sgn(d;) = 1, and hence by; = b,; =
[O 0 cos6; sin Gi]T. The reference model matrix

_|0x2 Db
An = {—12 —212}

(20)

2y

is designed to satisfy Assumption 6 based on the known
kinematic structure and does not require knowledge of my,
2, or 7. With this choice, the overall simulation setup
satisfies Assumptions 1 through 6.

We compare the proposed adaptive method with two fixed-
gain baselines constructed using the method proposed in [1]:
one designed with exact parameters and the other based on
nominal parameters. For the nominal parameter baseline, we
use the matrices Ay, and By from the reference model. All
methods use the distributed Bass algorithm with og =5 and
kp = 10. The nominal parameter baseline and the proposed
method use = 3, whereas the exact parameter baseline uses
B = 150, which is tuned using the exact plant parameters.
For the proposed method, we additionally set k, = 20, otg ; =
or; =1, and Qy = 30I4. To illustrate adaptability, we run
100 Monte Carlo simulations only for the proposed method,
with m; and 7% drawn from the uniform distribution on
[0.5,3], while the two fixed-gain baselines are shown at the
nominal operating point m; = 2 kg and % = 0.7. Each run
lasts 10 s. The results are shown in Fig. 2.

In Fig. 2, the red dashed lines labeled as Adaptive repre-
sent the 100 payload trajectories under the proposed adaptive
method. Despite variations in my, and ¥;, the controller trans-
ports the payload to the setpoint. The blue solid line labeled
as Exact shows the exact parameter baseline, which reaches

3.5 ---- Adaptive
— Exact

Nominal

3.0
2.5+
E 2.0
> 1.5-
1.0
0.5

0.0 A

X (m)

Fig. 2. Trajectories of the payload position simulated for 10 seconds. Red
dashed: proposed adaptive method applied under 100 different combinations
of mass and input scaling factors; Blue solid: fixed-gain designed with the
exact model; Cyan solid: fixed-gain designed with a nominal model. Black
crosses denote the terminal positions of the payload.
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Fig. 3. Outputs of the local reference dynamics C%,;(t) for i =1,...,4
(top), all entries of the adaptive row gains K;(r) € R** (bottom left),
and the scalar gains L;(f) € R (bottom right) during simulation. Top-panel
trajectories overlap after synchronization.

the setpoint as expected. In contrast, the cyan solid line
labeled as Nominal shows the nominal parameter baseline,
which does not reach the setpoint over the 10 s simulation
horizon. This suggests that, under parameter uncertainty, the
fixed-gain approach is sensitive to parameter mismatch and
can suffer performance degradation.

Fig. 3 shows the outputs of the local reference dynamics
C#%,;(t) and the adaptive gains during payload transporta-
tion. The top panel shows the components of C%.;(r) for
i=1,...,4. The bottom-left panel shows all four entries
of each K;(t) € R'*, and the bottom-right panel shows
the scalar gain L;(¢) for each robot. The local reference
outputs rapidly synchronize and approach the setpoint by 2 s,
consistent with the predicted synchronization and reference
convergence in Lemma 1. In addition, the adaptive gains
for all robots remain bounded throughout the simulation,
avoiding excessively large control inputs and confirming the
stability guarantees of Theorem 1.



VI. CONCLUSION

This paper proposed a distributed model reference adap-
tive control framework for uncertain multi-channel linear
plants. Using only local channel information, networked
agents collectively generate an emergent reference model
and make the plant track the resulting reference trajectory
via distributed MRAC, without centralized coordination or
exact global parameter knowledge. We proved asymptotic
convergence to the setpoint with bounded adaptive gains, and
simulations confirmed adaptive tracking performance under
parametric uncertainty. Future work includes extending the
current framework to time-varying reference tracking and
output-feedback settings, as it is currently limited to constant
setpoint regulation under full-state measurement.

APPENDIX

We provide the proof of Lemma 1. Let L = [I;;] € RV*V
denote the Laplacian matrix of an undirected, connected,
unit-weight graph, where |;; :== —1 if (i,j) € & and |;; :=0
otherwise for i # j, and I; := *Zj?gill‘j. It satisfies L =
LT >0, L1y =0, and A2(L) > 0. Moreover, there exists R €
RV*(N=1) such that 1,R =0, RTR =1Iy_1, and R'LR = A,
where A := diag(A2(L),...,An(L)) > 0.

With these definitions, write the local reference dynam-
ics (8) in closed-loop form as

Xgi(t) = Hi(t)%gi(t) + Fr

+ kg Z (£e,(1) — £e,i(t
JEN;

gng/

JEN

) ke Y (2t
jeN

—Xgi(1)),

) = Z.i(1));

Zg[ =

where H;(t) := Ay — Nbpy iGi(t) € R™7. Define the col-
S I ]T and § :=

umn stack of £; and Zg; as p = [£, %,
[ﬁgluig,\,]—r, respectively. Then, using Y jc s (x; —xi) =
—(Lx);, the dynamics can be written in compact form as

p(t) = diagy (H;(2))p(t) + (In @ Iz) Fr
—ke(L@la)p(t) —ke(L& 1) E(1)
$(t) = kg(LOLi)p(0).

Now, apply the coordinate change

11T T
pavg o ﬁ1N®Iﬁ Cavg o 1 ®I
[pdev:| '_{RT@@Iﬁ P e RT®1 6. @)

Moreover, define

Al I:AM—BMG*7 él‘(t) = Gl(l‘)—G?k

Note that p = (Iy ® Ii)Pave + (R® Ii)paev. & = (Iv ®
I7) Cave + (R®I5) Cdev, and A is Hurwitz. Define the nominal
and perturbation parts of the local closed-loop matrix as
Hi* = A_M — NBMJ'GT,
H;(t) := Hi(t) — H} = —Nby :G;(1).

Then, the dynamics of the stacked variables become
N —_ ~
Pavg(t) = ActPavg(t) + Fr— ZbM,iGi(t) Pave (1)
i=1

(1 ) diagy (Hi(1)) (R )y (1)

Paey (1) = (RT @ I) diagy (Hi(1)) (1 @ I)Payg (1)
+ (R" @ I) diagy (H; (1)) (R ® 1) Paey (1)
- kg(A ®Iﬁ)pdev(t) - kg(A®Iﬁ)Cdev(t)a

and Cavg(t) =0, Cdev(t) = kg(A®Iﬁ)pdev(t)-

Since A is Hurwitz, there exists a unique p,,, such that
Aapyyg + Fr =0, where p;,, =x, by the uniqueness of the
steady state. Now, we want to show that p,y; converges to
Pave- For this, set 1) := payg — Py and & := ey — £, Where

Caev = 1 (A '@ 1) (R" @ 1) diagy (H]') (1y @ 1) Pyg-

In addition, define

M= (11N®1)d1agN( HYR® ),
My = (RT & Iy) diagy (HY) (1 & ),
M = (R @ Iy diagy (H)) (R@ I),
W (1) = (%u@l)diagN<Hi<r>><R®1ﬁ>,
Tho(t) = (R @ 1Iy) diagy (Fi(1)) (1y 1),
W (1) o= (R & Iy diagy (Fi(1)) (R i),

T
-
Ag(t) =~ (Z BM,iéi(t)> (M(1) + Pavg) + M1 () paev 1),

=1
Ap(t) := Ma(8) (11 () + Pig) + M (1) e (8).

Then, the error dynamics become

V(1) = Ak, w(t) +Ay (1), (23)
where y:=[n" pl, ET]T, Ay = A Z; O&_l)ﬁ]—r, and
Aq M, O7isc (N—1)7
A= | My Mi—k(A®L)  —k(A®I)
On—nyaxa  ke(A®L)  O_1)ax(v—1)

To bound Ay (t), define 6(z) := maxieL/KH(N};(t)H. From
the definitions of H;(t), My(t) for k=1,2,3, A,(t), and Ay(t),
there exists ca > 0 such that

[Aa()] 4+ 85 (0)] < eada(t) (14w (0)]).

Moreover, 04(¢) converges to 0 exponentially because G;(r)
converges to G} exponentially by assumption.

Since A is Hurwitz, choose Q > 0 and let Py > 0 be the
unique solution of A \Pv +PrAq = —Q. Consider V(y) :=
Vi(n) +V2(Pdev, §) where vi(n) := (n"An)/2 and

VZ(pdew ‘5) =

(24)

1 1
EP(LV(A(X)IFI)pdev"‘EéT(A@@Iﬁ)é' (25)



Along (23),

. | -
Vi= —EnTQn + 1 P Mipgey +1 " PrA,
< =g+ o Ml Paev| + 1P 1] 1Adl,

where A, := Amin(Q)/2 > 0 and cy, = ||PyM,]|.
Next,

(26)

Vs = Py (A [1) Mo + Pley (A @ [3) M3 Paey
- kgpc;gv(/\z ®Iﬁ)pdev + p(I-)V(A ®Iﬁ)Ab'

The first term is bounded as p,, (A® ;) Man < e, |Paev| 7]
with ¢y, = [|(A ® Iz)M>||. By the generalized Rayleigh
quotient, we obtain p,, (A® ;) M3Pdey < UP e, (A2 @ 1I7) Pdevs
where

1

W= Elmax(M3(A71 @) + (A @ L)M). @D

The third term is Py (A2 @ 1) Pdev > (22(L))?|Pgev|*. Finally,
Paoy (A @ I3)Ap < [|Al||Pdev| |Ap|. Combining (26) and the
above bounds yields

V < —2AgIn* = (kg — 1) (A2(L))?|Paev|* + cm|n||Paev |
+cp|y|(|Aa] +[As]),

for some ¢y, cp > 0. Using Young’s inequality, ¢y |N||Pdev| <

(AqIn?)/2+ (entlpaev)? / (2).-

Hence,

' A\ 2 S 2
U (CRBI S L

oWl (1Ad + (B

Therefore, for any

2

* M
b2 b TR R P

there exists ¢y > 0 such that

) A X X
VS—7q|n|2_C#|Pdev|2+CP|‘V|(|Aa‘+|Ab|)‘ (28)

Next, using |y| < (14 |y|?)/2 and (24), the last term
in (28) is bounded by c184(¢)(1+ |y[?) for some constant
¢ > 0. Since V(y) is a positive definite quadratic form,
there exists a constant ¢; > 0 such that 14 |y|> <cy(1+V).
Combining these facts yields

V <c365(t)(1+V)
for some ¢3 > 0. Applying Gronwall’s inequality to 14V (7)

gives

14V(1) < (1+V(0))exp (C3 /Ot 6A(s)ds) .

The integral is finite because x(¢) decays exponentially.
Consequently, V(¢) and y(z) are bounded for all 7 > 0. Since
y(t) is bounded, (24) implies |Ay(t)| < c40a(t) for some
c4 >0, and hence |Ay(t)| decays exponentially.

Consider now the nominal system

y(t) = A W (1),

which is obtained from (23) by setting Ay () = 0. Along the
nominal system, (28) yields

V < —(44/2)[nf> — culpaev .

Hence, V = 0 implies 1) = 0 and pg.y = 0. On this set, ‘g’ =
ke(A®I5)pdev = 0. Moreover, invariance of pgey = 0 requires
ke(A®1I;)€ =0. Since A > 0, it follows that & = 0. Therefore,
the largest invariant set contained in {V = 0} is the origin.
Since V is positive definite and radially unbounded, LaSalle’s
invariance principle implies that the origin of the nominal
system is globally asymptotically stable. Since the nominal
system is LTI, Ay, is Hurwitz for all k, > k.

Therefore, the actual error system (23) is a Hurwitz linear
system driven by an exponentially decaying perturbation
Ay(t), so that y(r) converges to the origin exponentially
for all k, > k;. Consequently, 1(t), Paev(t), and &(z) all
converge to the origin exponentially. Recalling that p =
(Iy ®I5) Pave + (R ;) Paev and Payg =1 + Pave> We conclude
that £,,(#) converges to py,, = X, exponentially for all i.

Similarly, from { = (1y ® I5){avg + (R® I7) Cgev, Cave = 0,
and ey = & + Cj.,, it follows that Z,;(¢) remains bounded
for all i.

Since 1(t) = Pavg(t) — Payy converges to zero exponen-
tially, pavg(f) converges exponentially to py,, = x;. By (11),
x,(t) converges exponentially to x. O
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